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LIMITS & Continuitx

o The limitof a functionf(x) as x approaches ¢ does not 2. Use the graph of f(x) to estimate the lim f(x)\

depend on the value of the function at point ¢ Iy o

y y y 3
e ¢n 0
I L
y=fx y=gx)| y=h(x)

=

c
'
{ B4 El2
lim f(x)=L | limg(x)=2 | timn(x)=2 | \_ B0 B coes not exist
The left and right-hand limits off(x) asx

/(¢)is undefined gle)=n hic) =1 approaches 2 are the same and equal 4,
l‘inzf(x) =4 S5A
One side limit Read as ] . \
3. Usethe graphof f(x)to estimate lim f(x)
— - x—0
lim f(x)=z | Thelimit of f(x) the y
X as x approaches c from leftis L, t
lim /(x) =z, | The limit of f(x) 3
x> | as x approaches ¢ from right is L, -0
o The limit of a functionf(x) as x approaches c exists 2 X
if and only if both one-sided limits exist and are equal. J
That is if ’ ! n 0 E2
cH .
lim f(x)=lim f(x) =L, then lim f(x)=L — exist \ M- B does not exist

lim f(x)# lim f(x), then lim f(x) does not exist The graph Off(x) suggests that

1.Use the graph of ﬁté)é)stimate the \ \ILT / (x) =+2, but \lﬂf,‘ / (r) =4
. . Since they are not the same ;. :
lim f(x lim f(x
x>0 /(%) does not exist=>D »“—>0f ( )
A
3 4. Iflimf(x)=4 lim f(x)=4and £(5)=8, )
) X0 X >

then find 1im

- . (Al Bs
8 2] coes not exist
o - B2 A

\ 3 ] does not exist since lim f(x) = lim f(x) =4

Because the left-hand limit of f()t) asXx and the limit does not depend on f(5)
approaches 0 is 2 and the limit does not depend on then the llin f(x)=4 =>A

the value of the function at x [ f(0)=4 ] ;
then ‘lg{} f(x)=2>>B
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Limit Fail to Exist

Another way a limit can fail to exist is when the value of
f(x) as x approaches ¢ does not approach a fixed finite
value. Instead the value of f (x) increases without bound
indicated by o0, or decreases without bound, indicated
by —o0

Continuity

The graph of a continuous function has no breaks,
holes or gaps. You can trace the graph of a continuous
function without lifting your pencil.

Types of discontinuity

Infinite
discontinuity

Jump
discontinuity

Removable
discontinuity

The function
values increases
or decreases
indefinitely as x
approaches ¢ from
the left and right

The limits of the
function as x
approaches ¢ from
the left and right
exist but have two
distinct values

The function

is continuous
everywhere
except for
aholeatx =c¢

Example
1) Estimate 1\1_131 /(x)
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Solution: Because as x gets closer to 4 the function

value of the graph increase, both sides tend to oo,

therefore the !lm f (\) =

e To determine continuity of a function f'(x)

ata pointx =a, f (x)is continuous at x =a

ifand only if f(a) = lim £ (x)= lim f(x)=L 2) Estmate lim f(x) x4

x—a x—a y :

|

\\ :

5.  Find k such that then find f'(x)is continuous at |

x=1 :

o, - . -
oy ) 2xT 4T x=>1 ‘\.4

'f(A) {/ﬂr -1 x<l1 i X

|

I

AR
c )

/(x) is continuous at x = 1 if and only if
£(1)=1lim £(x)=lim f(x)
x—=1 x—>1

f(l): lim (sz + 7): lim kx—1

x—1" x—1

Bo
E7 w

Solution: Because as x gets closer to 4, the function

values from the left decrease and the function values
from the right increase. In this case we cannot describe
the behaviour of /(x) at 4 using single expression

2()+7=k(1) -1 — lim /(x) does not exist

9=k-1 > k=105>A
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3) Estimate lim f'(x)

x—0

Solution: The graph of f(X) suggests that as x gets
closer to 0, the corresponding function values oscillate
between — 1 and 1 continuously, therefore lim /(x)
does not exist

Summary: Why limits at a point does not exist

The limit of /' (x) as x approaches c does not exist if:

e f(x) approaches a different value from the left of ¢
than from the right

o f (x) increases or decreases without bound from the
left and / or the right of ¢

/(%)

Limits at Infinity

If the value of f(x) approaches a unique number L,
as x increases, then lim f(x)=L,

If the value of f (x) approaches a unique number L,
as x decreases, then lim f/(x)=L,

f(x) oscillates between two fixed values

A
y

A

k. 4
=

‘\

ARy B R

 C s &) does not exist

6. Usethegraphof /(x)toestimate l‘anlf(\N

x—1"

lim f(x) = +o0 # hnll f(x)=-0 D

7. Describe the left end behaviour

Y
y

\

B lim f(x) = B lim /(x)

X —> %0

\ tim/(x)=0 B lim f(x)

X—> =0

N

o0

— 00

As x decreases (x — —®),
the values of /' (x)increase (o)

- lim /(x) = 2 5>B
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. .. . . X =9
Evaluating Limits Algebraically 11. Evaluate  lim : 3
X3 x -3
o Limits of constant functions at any point ¢ N does not exist E 6
is the constant value of the function limk =& - B o
o The limit of the identity function at any point cis ¢ . ¥1_9 B (x—3)(x+3)
}_er}.YZC‘ =3y —3 (x—3)
o You can use substitution to evaluate limits — lin}(x+3)
lim f(x)=f -
.\‘—)L'f( ) f (C) =343
o If you evaluate the limit of a rational function and reach —6
0 o . = =B
the form o you should try to simplify the expression
algebraically by factoring and dividing out a common
factor or multiply by the conjugate 12. Evaluate lim (x—4) 16
x>0 X
8. Evaluatethelimit  lim(x* - 6x + 3) I does not exist s
x—4 . . 8 E 0
5 B s ,
x—4) -16 2 — 8x .
[ C B B-o po(x=4)-16 2’ -8x+16-16
x—0 X x—0 X
- lim(x* — 6x +3) = (4)" ~ 6(4) +3 i 8x
X —> X
=16 — 3
16 — 24 + - . x(x—8)
=-5 =B = lim ——
=lim x -8
L AT+ N 0.3
9. Evaluate the limit hmﬁ =V-
X>—2 x -_— — _8 »C
7 7 . x—16
28 31 13. Evaluate lim
E - E = x—>16 \/; —4
AN / ! n does not exist E 0
) S
Co4x 41 4(-2) +
lim al = (2) [s B -3
X3 279 Use difference of squares to factor x — 16
31
:7 »D x—16 (\/I—4)(\/;+4)
lim = lim
.\ﬁlb[ _4 xol6 (\/_ _ 4)
N
J2x +2 =5 .
10. Evaluate the limit 1im—6\f = lim Vix +4
x—7 X —
=16 + 4
B4+5 B 45
= =C
J5 B -5
AN
limzx‘{_2 = “2(7)+2 —\/_E
=7 x =6 7-6
65
=T
=445 =B
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e

14. Evaluate [|im
1 29 x —90 |

A B-;

does not exist E 0

Use difference of squares to factor x — 9

llm\/;_3=11m \/'—_3
e )
1
:\/;+?
1
_\/§+3
-5 SA

Limits of Power Functions at Infinity

For any positive integer n
o lIMmx"=o0

X—>L0

e limax" = alimx”

X >0 X—>®0

e lim x" =0, niseven

X—>—®0
e |lim x"=—%, nis odd

X—>—®

lim l=0

x—>to x

® |im Lz 0

n
e
xim x

For f(x)= = =

Il
o -

if n<m

* lim f'(x)

x>’

= lim f(x) % i n=m
X— 0 am

“lim f(x)=c if n>m

X—> 0

15. Evaluate lim (x3 +2x7 + 1)

X—> 00

Bo
| C Bee)

B «
D [l

lim x" = 0 =B

X—> 0

16. Evaluate lim

(AR

o

126° — 7 N
x> 3x% 4+ 2x° — Tx

B 4
B «

N\
m=n limf(x)= il
x> 0 a,
12
3
=4 »B
17. Evaluate lim 2% +1 )

o

§ 1

x>® 3y — 8

2
=
B

lim f(x) =

X—> 0

it n>m 2D

) N\
18. Evaluate lim —;
-0 S5p7 4 2
4
A < B
N 0 D e

lim f(x)=02>C

X—> =0
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15x° 1207 + 1
19.Evaluate  lim or 12V 1
oo S5xT+3x" + 4

A K B
\ [c U ] ©

20. Let lim——

Rewrite the denominator in standard form

15— 12x7 + 1
lim — B
e 3xT—-5x"+ 4

m=n — lim f(x) =Z—”
157
T3
=5 =B
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AN

N

X

i) 4 |\| , then find B

I
ng B
H_; B o

Rewrite the denominator in standard form

‘x‘ = x as x approaches +

. Bx . Bx
lim = lim
X—> 0 2 -+ |x| X—w 2 + X
n=m limf(x)zz—”z?zg

m

—->B=3 =>B





