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CHAPTER (16) VECTORS

¢ Physical quantities (or scalar quantities) speed,
mass, time can be completely described by a single
number called scalar. This number indicates the
magnitude or size of the quantity.

* Vector is a quantity that has both magnitude and
direction. The velocity of a car is a vector that
describes both the speed and direction of the car.

Example:
Determine the vector quantity from the following

quantities:

Y Time [E] Distance Force [3] Mass
3 speed EDispIaf:ement K Energy [G] Gravity

[ Pressure Velocity 4 Area Temperature

m Momentum

Vector Quantities
magnitude and

Scalar Quantities
magnitude only

direction
Time Force
Distance Displacement
Mass Gravity
Speed Pressure
Energy Velocity
Area Momentum
Temperature

« Consider the directed line segment with an initial
point A (also known as the tail) and terminal point
B (also known as head) shown.

B, terminal point

initial point .
This vector is denoted by 4B a or a

*  The direction of a vector is the directed angle
between the vector and the positive x-axis.

J‘ﬂ

A 37
"0

1 X
» The direction of a vector can also be given as bearing

A quadrant bearing angle is a directional measurement
between 0° and 9¢° east or west of the north-south line

125

\l 40

]
v is 40° east of south (or south-east) written as §40°F
A true bearing: is a directional measurement where the
angle is measured clockwise from North.
True bearings are always given using three digits
250 written as 025°

1. Find the true bearing of the vector v
N

W o

B o3 El os0°

\ 090° B o45°

N

90 —-30=60 — 060° =>B

2. Find the guadrant bearing of the vector v
N h

“ NO65°E Sy E N25°E

N25°W B woses

N

The angle is in quadrant |, so the angle is from
north to east » N25°E — =B

3. Find the quadrant bearing if the measure of the
angle of the vector v in the standard position is

N

115°
“ N25°E B N 25°W N4
{ | c BURIER) E]N115°W\2/5
Draw the vector " T
<W 0 F.=
115 — 90 =25°
from north to the west SW»B
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4. Find the true bearing of the vector v if its angle
in the standard position is 180°

B o90° B is0°
270° [ 360°

The true bearing is measured clockwise from north
graph the vector in theNs‘tandard position 180°

N

270

—
o0
=

0o

ol

=9

=C

S

5. Find the quadrant bearing of a vector if the true
bearing is 145°

B visses
B 5550k

B 53500 o
E55°S

“\MS

S

The true bearing is 145° from north, so the
angle to the south axis is 180 —145 = 35°

Since the angle is in quadrant IV, therefore the
quadrant bearing is from south to east §35°F

Vector Types =A

In your operations with vectors, you will need to be
familiar with following vector types.

e Parallel vectors have the same or opposite direction
but not necessarily the same magnitude
albllellells

e Equivalent vectors have the same magnitude and

direction g =¢
a+#b  why?

a+d  why?

* Opposite vectors have the same magnitude but

opposite direction 4 = —¢
¢ Resultant vector, when two or more vectors are

added, then sum is a single vector called the result-
ant.

Finding Resultants

Triangle Method Parallelogram Method
Head to Tail Tail to Tall
a+b b Y
atb \‘\
a b /'/
a /,’/

» Two or more vectors with a sum that is a vector r are
called components for r. While components can
have any direction, it is often useful to express or
resolve a vector into two perpendicular components.
The rectangular components are horizontal (x) and
vertical ().

x| = Ncos6
|y| = Nsin0
6. Describe the two vectors \

4/
I

b
Y cCongruent 5] Equivalent

\ Opposite E parallel

The two vectors are parallel, opposite in direction
but doesn’t equivalent — parallel

=D

7. Which vector represents %le resultant?

N

c

A - A
\Ec Ea,b,c

In the triangle method head to tail is used b — a,

=C

then the resultant is ¢
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8. Yasmine is pushing the handle of a lawn mowe}

with a force of 400 newtons at an angle of v_ﬁih the
ground . Find the maghitude of the horizontal

* Magnitude of a vector in the coordinate plane is
given by

[4B] =[x, - %)+ (5 - )

*  Ifvhas a component from(a, b) then|v| = \/a* + b

10. Find the magnitude of withpitial point N
and terminal point
A(7,9) (4,5)
B 2 B
(B | v
200 B 400
. 20043 B 40043 [4B| =J(x, = %)+ (3= »)’
2 2
Horizontal component = |x| = N cos® = \/(7 —4) +(9-5)
= 400 Cos 60 N CYINE
1
= 400 x -J25
=200 =5
A
= =B
9. For a field goal attempt, a football is kicked with "\ | 11. Find the component form of N

velocity show in the diagram below. Find the
magnitude of the vertical component.

_______
-

| A I B
N B s B\ 453
Vertical component |V| = NSinf
=90Sin30
=90 x 1
2
=45 =C

Vectors in the Coordinate Plane

Components form a vector 4B with initial point 4 (x, »,)

and terminal point B(x2 yz) is given by <x2 — X, YV, yl>
B (%,.,)

yg'y1

A(xy,)
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~with initial
point 4(—4,2) and terminal point B(3,-5)

B -9 i)
\ (6. -8) B (-38.6)
AB = <x2_ X5 Yy — Y1>
=(3-(-4),-5-2)
=(7.-7)
=
12. Which vector has magnitude equal 9
A (345.3) B (33, 3V6)
(V5.4) B (+2)

|v| =Ja*+b*
v = (333 + (3v6)
J9-3+9:6

27+ 5
J81

9

~
N

»B
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The vector sum ai + bj is called linear combination.

Vector Operations *  The vector v can be written in component form or as
» a linear combination of i and j using the magnitude
if a= <al, a2> and b = <bw bz> and direction angle of the vector.
y
Example (a, b)
K=6 a=<2{4> b= <37>
Addition |, 4 b a,+b)| (2+3,4+7)=(511
a+b (a+ b art b)) (243, )= {51 v |sin @
Subtraction
a—b (a,— b, a,—b,) (2-3,4-7)=(-1,-3)
Scalar 0
multipliction </((,]’ kal> 6a = <6-2, 6-4) < >:|_>
ka — (12, 24 OL v |cos @ X
) y = <a’ b>
16.131f —3v = (12, —15),then find v = (]v|cos®, |v|sin6)
=|v|(cosO)i + |[v|(sinB) j
(4,-5) B (36, 45) M(cos)i + (sin0)
(-4,5) ) (36,-45) + It also follows that the direction angle ¢ of vector
V= (a,cb> an be found by solving trigonometric
-3v={(12, -15) equation
-3 <12 15> [v[Sin@ b
—V={— tan0 = or tan0 = —
-3 -3 -3 [v|Cos6 a
=(-4.5) * On the other hand for a given v = <a, b>, then ¢
=C is given by
14. f 4=(1,3),B=(2,4) thenfind 2B - 4 0 lanf.g ais positive
(-2,-2) B (22 6-tan"' 24z a is negative
a
2B - A4
2(2,4)— (L3
(2.4 -3 15. Find a unit vector & with the same direction as
(4.8)-(1.3) =(3.5) v=(512)
=B (Al <|2 5 > B <E E>
Unit Vectors 13713 125
13 13
* Avector that has a magnitude of 1 unit is called unit <i, E> =1 <? E>
vector y N\ 13713

u=rij

vl V] = 5> +12

* The unit vectors in the direction of the positive x-axis

and y-axis are denoted by ; = <1’ 0) and; = (0, 1> = V169
respectively. Vectors i and j are called standard unit =13
vectors.
y u= _V
. v ={a,b) [v]
bj (5.12)
- 13
2 (512
1 13713
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16. Write the component form of the vector N 19. Write the vector V= (5, 8> as a linear \
V= (31’ - 5j> combination of the vectors i and j
A B -5) B s5+s Bsi-s
c RO 5.3 Ksi+8) Blsi-s)
§ B -3 §
v=ai+b — v=<a,b> VZ(a’b> —>5a'l+b.1
=C

=B

17.Let  DEbe the vector with initial point D(-2, 3\)\
and terminal point £(4, 5). Write DE as a linear
combination of the vectors i and j

B 2i+6j B_2+3
. B 4i+5) Boi+2;
D—E=<x2—xl, V) — }’1>
= (4-(-2).5-3)
= (6,2)
=6i+2j
=D
N

18. Find the component form of the vector v with
magnitude 10 and g = 120°

* Dot Product
Dot product of @ = (a,, a,) and b = <bl, b2> is defined
asa-b=ab+a,b,

e Orthogonal Vectors (Perpendicular)
The vectors a and b are orthogonal if and only if a -5 =0

* Angle between two Vectors

If 6 is the angle between nonzero vectors a and b,

(s, -53) B (-5,5V3)

C 53, -5

B (554) B (53

By graphing the vector, we find that x or a is
negative and y or b is positive therefore only option
has negative x and positive y.
By solving
V= <|v|cosO, v|sin 0>

= (10 cos120, 10sin120)

= 10(—]} 10£>

2 2
(5.5
=B
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then cos6 = a-b
Jal ||
20. Find the dot product of « and », if N
u=(2,5) v=_84)
(AR B -
\ 32 D
a-b=ab+a,b,
u-v=2x8+5x4
=16 +20
=36
=D
21. Determine the perpendicular vectors \

1=(3,6),u=(~2,7), v=(-4,2), w=<4,6>

“ t-v E u-v
wev D R
N
Vectors are perpendicular if and only if a-b=0
tv=3(-4) +6(2)
=—12+12
=0
A
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22.Find the angle 6 between the vectors
u = <—2, 0> and v<—3, —3>

B 4 B o0

Qg 3 B 120°

u-v = (~2)(=3) + (0)(-3)
=6+0

V] = (=2) + 07 x (=3)" + (~3)’

=4 x 18 =72
=642
Coso= UV o 6 _ 1L _V2 5 s
W 6v2 V2 2
=A
Unit Vectors

In the three-dimensional coordinate system, a third axis
called z-axis that passes through the origin and is
perpendicular to both the x-axis and y-axis

+
z

+
X

Distance and Midpoint Formula in Space

* The distance between points
A(x,, 1, z,) and B(x,, y,, z,)

AB = \/(x2 X )2 +(1-» )2 + (Zz -z )2

«  The midpoint M of ABis given by

X, + X V,+y z,+z
1 2 1T 1 2
M( ’ ’ j

2 2 2

B = (=5 Y + (1= 2 ) + (2 =)
= \/(1 —(=4)) + (0= 10)" + (9 - 4)’
=5+ (-10)"+ 5

=25 +100 + 25
5o

150
_J6-25
546

=B

24. If (3,4, 4) is the midpoint of N
AB, A(-3,2,8) and B(9, 6, k),
then find the value of &

A B s
N C B o
Zl+22_M
A=
8+k:4
2
8+k =8
k=0
=D

25. Classify the triangle ABC with vertices
A(3, 6, 1), B(5,7,4) and C(1,5,-2)

B} Right

E Isosceles

23. Find the length of the segment between the
endpoints 4(-4, 10, 4), B(1,0,9)

A5 B NG
K= o B s

N

Equilateral ] Neither

AN

AB:\/(5—3):+(7—6)3+(4—1)1 T _Jia
ac= )65 (1-(2)  -Ferey =V
BC=J5-1y+(1-5)+(4-(2) =JF+2+6 =%
AB = AC then itis an isosceles triangle

=B

Express Vectors in Space

To find the component form of the directed line segment
from A(x]’ Yis Zl) tob’(*\'z’ Yas ::) is

E = <x3_x1a V= V2~ Zl>

The unit vectors are: i = (1,0, 0), j =(0,1,0), k =(0,0, 1)

The linear combination of v = (v, v,, v;)
isv=vi+v,j+vk
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The magnitude of the vector v = (v, v,, ;) Vector Operations in Space

M=+ v+ 0 Ifa ={a, a,,ay), b={(b,, b,, b,)

The unit vector « in the direction of vis © = l|
v

— = |
26. Findthe componentformofif AB N\ Vector xar_np ¢
operation Result =9
A(—4,-2,1) and B(3, 6, -6) a=<21:0> b= <-12:7>

A (-7.-87) B 7,3 -7)

Addition a,+b,a,+b,, a,+ b}> <2 + (—l), 1+2,0+ 7>
+b
(-7,8,-7) B (7.8 7) ¢ (1,3,7)
\ .
Subtraction [(@ b, @ — b, a—b)l (2-(-1),1-2,0-7)
AB = (3 ~(=4),6 —(~2), -6 1) a—b (3.-1,-7)
Scalar
= <7’ 89 _7> muItipIication </\’ (I], ka:, /{(13> <5 (2)’ 5(1)’ 5(0)>
=B ka (10,5, 0)

27. The magnitude ofthevector v =7i +8j —7kis Dot Products of Vectors in Space

V22 B 162 The dot product of @ = (4, a,, a;) and b = (b, b,, b,) is
definedasa -b = a, b, + a, b, + a, b,

22 D PN
| | m The vectors a and b are perpendicular if and only if
vl = _
h=0
= J49 + 64 + 49 ¢
=162 .
Vo 29. Let v=(-1,4,-4) and z=(-2,0,5), then find
- 4y + 2z
=92
=D B 6(-341) Bl s(,-49)
g (8,16, -6 8, ~16, 6
28. Findthe unit vectorin the direction of the \ N\ . < > m < . ’ >
)= (3 3
vectorv=(3,2,3) 4y +2z=4(-1,4,-4) +2(-2,0,5)
A <§,l’£> B8] <§,2, %> — (-4, 16, -16) + (-4, 0, 10)
4 2 4
=<—8,16,—6>
3 2B\ B/ B s.C
\§ V87878 372783

30.Let y = (3,-6,2) w=(-14,—4) z=(-2,0,5) then\

M =3+ 22+ (V3) find 2w — z + 3y
:\/_4/9+4+3 B (-7.-10,9) B (. -10.-7)
=16
4 (7,10, 9) B (9.10.7)
AN
3,2,\3
“:ﬁ: s 4[ 2W_Z+3y:2<_1, 4,_4)—(—2, 0, 5)+3(3,—6, 2)
s = (=2,8,-8) = (=2,0,5) + (9, ~18, 6)
:<Z’5’T> =(9,-10,-7)

=A =B
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31. Find the dot product of # and v if
u=(-7,3-3), v=(517,5)

(A B Il
[ . D

uwv ==7(5) + 3(17) + (=3)(5)
=-35+51-15
=1

=A

32. If the vectors u and v are orthogonal then find &
u=(3,-3,3), v=(4,k,3)

| A
K s

B
B -s

N

For perpendicular vectors a-b = 0
uv=34+(-3)k+33=0
=12-3k+9=0
=-3k=-21

k=7
=B

33.Find the angle  ®etween « and v

u= <\/§, 2, 0>, V= <\/§, 0, 1>
120° B JRUR

45° [ 60°
u-v

cosf = ——
Jul [V

wv=~2x3+(2x0)+(0x1)
—J6+0+0=16

|u| = (\/5)2 +2°+ 07

=y2+4+0
=6
W= (V3)+ 02+ 1
=3+0+1
=2
0089:£:]
256 2
cos' L 9 =60
2
=D

Cross Product of Vectors in Space

If a=ai+a,j+ak and b=bk+b,j+ bk, the cross
product of @ and b is the vector
axb=(a,b,—ayb,)i—(a,b;—a,b)j+(ab,—ab)k

To find the product we can apply the formula for
calculating the determinant of a 3 x 3 matrix.

i j ok
axb=|a a a |= S P e J+ R
b, b, b, b, b, b,
b b, b : :
If axb=c the cis perpendicular to a and b

If @ and b are adjacent sides in a parallelogram, then
la x b] equals the area of that parallelogram.

Example:

Find the area of the parallelogram if a=—4i+ j+8k and
b=3i-4j-3k

parallelogram.

are two adjacent sides of the

Solution:
Step 1:
i j k
b=|-4 1 8
3 -4 =3

=[-3-(-32)]i-[12-24]j +[16 - 3]«
=29i +12j +13k
Step 2:

drea =a x b| = J(29) + 12" + 13’

=./841 + 144 + 169

_J1154
34. Find AN
Jj ok
3 -2 1
33
B sii6:3% B 563
\ —i+6j+14k B - 614

This question is the same as:
Find the cross product of
3,-2,1) and v =(-3,3,1)

u=
o5 2 D
=(-2-3)i-[3-(=3)]j+(9-6)k

=—5i—6j+3k
=B

132
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35. Determine the perpendicular vector to both N
vectors u=-2i—j—3k and v=>5i+j+4k
B (-.-7.-3) B (.73
N (-1,-17,3) B (-.7.-3)
Perpendicular vector is u x v
i j k
uxyv=|-2 -1 -3
5 1 4
= (4= ()i = (8- (1)) + (2~ (-3)k
=—i—-T7j+3k
=(-1,-7,3)

=C

Triple Scaler Product

Three vectors that lie in different planes but share the
same initial point determine the adjacent edges of a
parallelepiped. The absolute value of the triple scalar
product of these vectors represents the volume of the
parallelepiped.

ift=ti+t,j+tk,
u=ui+u,j+uk and
v= i + v, ] + vk, the triple scalar product is given by

133

36. Find the volume of the parallelepiped with N
adjacent edges 7 =2i —2;j + 3k, u =3i — 7k and
v=2i-4j
B s B -«

\ c I D
2 -2 3
t-(uxv)=3 0 =7
2 -4 0

:[~04 _o7j(2)_@ _07j(_2)+@ —04j(3)
=[0-28](2) - [0 - (-14)](-2) + [-12 -0](3)

=-56+28-36
=-064 _ |—64| =064

=D





