CHAPTER (12)

TRIGONOMETRIC
IDENTITIES AND
EQUATIONS |



Law of Sines

In any triangle the
ratio of the sine of
each angle to its
opposite side is
constant

sind g _sinC
a Bb C

Law of cosines
In any triangle
a* =b* +c* —2bc cos A
b* =a’ +c* —2ac cos B
¢ =b*+a —2ab cosC
b+ -d

2bc

cosA4d =
B

]

A

b

12.1 Find the measure of angle B

A

150

B 30°
\ 15°

B 45°
B 60°

sinB sinC

b

c

sin B B sin45

7542 150

sin B

752

sinB =

15

(e

5
75-&-%

m/B =300 =>A
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12.2 Find the length of BC

N

B

45

C o A
AR B 5.2
\ cE El 10
sin4 sinB 1
- gJ2.*
BC  AC _ 2 2
sinBO_ sin45 \/5
BC 82 2
8+/2sin30 B 42
BC= —— = —
sin45 Q
2
:4\/§.i =8
2
=C
12.3 Find x A \
5
X
C
e
no O .o
\ 9 D NG
¢t =a’+b*=2abcosC
=5 +27-2-2-5¢c0s60
=25+4-20-%
=29-10
¢* =19 =B
c =19
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12.4 Find cos C \ 12.6 Find the period and the amplitude
12 of the function y = 4cos560
A RS 90° B 4, 72°
B i 4, 50° o PR
555 C amplitude = |a| = |4| = 4
55
—_— - . 2
A 80 B 80 perlode = 2%
233 B —-233 360 .
AN 80 80 - . R =
2 _ 2 g2 T\
¢ =a +b" —2abcosC 12.7 Which function has amplitude = 4 and period = E
2 _ 22, Q2
12°=5"+8 -2-5-8 cosC Al 0 Bl 2040
y__4cos4
144 =25+64—-80cosC )
55— _ 80c0sC \ [d y=4sin26 Bl v =2cos46
cosC _55 The amplitude of tan @ is undefined; therefore,
= E option B is excluded
5 5 s So, only we will check asinb6 or acosbhd
a+b ¢ where |q| is amplitude =4
Or use directly cosC =
b o wl-4=4 o4 -4
Analyse the Periodic Functions T _gqo

2

Parent function a=1. b =1

Function tan® 360 360

21, 360° 21,3600 ,180 Period in cos and sine = T - T =90
1 1 urfdlefinéd Therefore, option A has period 90

=A
Function asinb® acoshb atan b0
Period CAIRL I L 12.8 Simplify €0t0 tand N\
. b D b b cosH
|a| |a| undefined sin6
I3 cotO B tano
12.5 Analyze the periodic function to find its perioé\
2 § sinO ) cosb
1 Recallthat -~ 20 _ cot?
sin 6
A /\ A A Cottan 0  Cotftan 0
‘ K cosd  cotd
\/ \7 \7 sin 0
) = tan 0 =B
i
2 E -
\ 21 B 4n

One cycle begins at x = 0 and ends at x _ p
n—0 = 7, so the period of the function is n:> A
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imoli 29cos’ 9=
Angle Identities 12.9 Simplify tan” 0 0
I sin B sin’6
Pythagorean Identities cosO D cos? 0
tang — sinf
cos0
sin’ 0 + cos’0 =1 ant 0 — sin® g
+sin’ 0 ¥ + cos’ OV cos” 0
1102
I+cot’ @ = csc’0  tan’ 0 + 1= gec’0 5 S g
tan” 0 cos® 0 = cos® 0
cos® 0 )82/
=sin’ O
=B
Negative Angle Co-function
Identities Identities
. . 1
. . sin % - 9) =C0sg 12.10 1f270 °<0 <360°, SN H = — then find cosO
s1n(_9) = —sing 2
3
00)=0%0 | oo T ] sing n.” g
tan(-0)= —tang 2 ) 2
tan(z - 0) = cotf 1
2 \/g E
c - —
\ B 2
sin?g + cos’ g 1
Angle Sum and Difference Identities =~ -
sin(AiB) =sin Acos B +cos Asin B (E] +cos’0 =1
cos(A+B)=cos Acos B F sin Asin B 1 cos? o
-+ =1
tan4 + tan B
tan(AiB):M 4 |
1 ¥ tan Atan B cos2 01
Half Angle Identities 4
3
singzi 1—os 6 cosgzi 1+cos 6 ———
2 2 2 2
tane_zi 1-cos O _  sin0 _ 1—cos0 0059: N é
2 l1+cos@ 1+ cosb sin 0 —\4
Double Angle Identities _ . V3
c0s20 = cos” @ — sin® O 2
= 2cos’ 6 —1 0 is in quadrant IV, _ cos g is positive
=1-2sin’ 0
sin26 = 28N cosO cos g _ +/3
2 =C
0
tan 20 = 2tan
1 —tan 6O

96




CHAPTER (12) TRIGONOMETRIC IDENTITIES AND EQUATIONS

(=
1211 Simplify (l—cos2 9) sin? 0 1215 Simplify tan 0 -sin (E—OJ
4 -4
I cos™0 B sin 0 Iy sin0 IE] coso
4 4
sec’ ERS tan0 ] coto
) 2 — . i
sin? 0 + cos? =1 tanG-Sln(%—OJ: sin 0 . cost
sin2@ =1 —cos? g cosf
. =sinf S=A
N (1 _ cos? 9).sm2 0
—gin2 @ -sin? -
sin” 0 0 12.16 Find the exact value of cosl5 AN
cind
=sin” g »B
n \/g + \/5 E J6 +2
2 4
12 Find sin| sin® (sec105) | + | cos? (sec105
1212 Find sin| sin® ( )] + [ cos? ( )] g - g &G
B 1105 El 60 § 2 4
3 D cos15 = cos(45 - 30)
assume 0 = sec 105 = cos45cos 30 + sin 45sin 30
: V23 V21
[sm2 (seclOS)} + [cos2 (sec]OS)} I A
2 2 2 2
sin® 0 + €os” § = | _5 2
—>1 =D 4 4
N
1243 Simplify tan’ (€Ot § — €05’ ) 4
) 2
B sin” 0 B 12.47 Evaluate cos(30-0) cosg _ sin(30—g)sing
tan® 0 B sin6 NG |
= E —
tan> 9(cot2 0 —cos’ 9) —tan’ g.cot’ g —tan’ 9.cos? O j 2
) — E ﬁ
:t}%x—l _ SO osp 2 2
M cos P cos(30-0) cos6 — sin(30-6) sin6 :cos[(30—9)+9]
=1- sin®0 = cos* O »B =cos30
V3 D
sinx _ COSX =5 >
1214 Find the determinant of oS x sin x
18 Simplify cos* @ — sin*
I Cos 2x 0o 12.18 Simplify cos* 8 0
1 ) sin 2x I sin 20 B} cos20
sin x -sin x—(—cos x)-cos x sin 40 B cos46
sin? x+cos? x=1 =C Difference of squares
cos' @ —sin* 9 = (cos2 o —sin’ 9)(cos2 0 + sin’ 9)
=c0s20 x 1

=cos20 =>B
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12.19 Find the exact value of tan 20 1221 If tan0 -2, 270°<0<360°, find cos20 N
if tan@ =0 and 0 < 9 < 90° -
4 B B =3
0 D . f
-1
[ _
o 2tan6 . C| NG E\/g
1 —tan’ 9
T e 0=C
()
. _1 3 \ cz :12 + (_2)2
12.20 'fsmg = - 270°<0<360°, find sin 20 %
A # E g c= \/g — HYP
o=-L . p=_2 0 -
3 —42 cos , sin s in quadrant [V
L B: RN
c0s26 = cos? O — sin? O
A 2 2
3 (&) (&
1 J5 V5
]
! 4
C s _ é B g
c=a +b -3
P =d 41 -5 =8B
a=43 -1
a= \/g 3 AN
N 12.22 If, sin@ = 3 and 90° < 9 < 180° find cot
a= — ADJ
4 -4
n: -
242 . 3 3
cost) = —— positivein // -3
3 3 - .
5in 20 = 2sin 6 cos O N 4 4
= 2 X __1 Zi
33 S ;
_4/2
=7y =D sinf) = orr_3
HYB 5 5
c y B
Use Pythagorean triple to find ADJ
cotf = ADJ
OPP
_4
3
Since 0 is in quadrant II
then tan and cot are negative
_4
cotp — > B
3
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1 0 N\,
12.23 F€0sg = — 0 9 < 90° then find cos -
2 2
+3 g - 3
2 2
g > 3
4 2
cosQ _ 1+cos 0
2 2
=+
==
= Since € < 0 <90
o
— <90
= 2
cos @ is positive
COsS— =
2 2 =D
Analyze the Periodic Functions
Inverse Function Domain Range
60 =cos 'x 1< x<1 9<o0<nr
0 =sinx 1< x<1 Teg<
2 2
6 = tan"' x All real numbers _2—7[ <0< g

Note: sin”! x is the same as are arcsin X

Trigonometric_ ratio [(trigonometric_ Txl=x
ratio)
Example:

. 1
Find: sin (sm - _J - sin®

2

Let 1 !

S =sin"!' — :

0 2 Since 6 _ < 99

. 1

sing - _ _y g9 =30 §<90

1 .
sin (sin R E) = sin30

1
2

cos 0 is positive

12.24 Find C0571 £

2
I 130° 0 45°
-45° ) o0°
COS’“_/5 =0 > cosezﬁ — 0 =45°
2 2 »B
12.25 Find cos™' (sin67)
A PRE B 67°

157°

cos[£ - 9) =sin6
2

cos”' (sin67) = cos™ (005(90—67))
= cos ' (cos23)

) 33°

=23° »A
12.26 Findx if sin ! (c0sx) = N
T T
3 =l
n T
c s T
N\ - 6 BB 2
Sln(sm‘l (COSx )) — Sinz
6
COoS x= s1n£
1
COSX — —
2
1
y = COS~ _
2
T
AN

12.27 Find all thelvalues of O
if cos@ = — and 0 < g < 3600
2

B 60° IE) 60° or 120°

. 60° or 300°

B 300°
1

1
COSg —_— 5 = cosflE
_ 600

cos0 is positive in quadrants I and IV

— 0 =60° 6=360-60 = 300°

=C
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—

\ sech \
. ] Simplify
12.28 Find the value or values of O 12.30
if 3cos>@ 4cosO —0and 0 <O <180° cscO
B o B o0 or 1300 B sin0 BEcoso
[ 90°or60° ) s0° [ cotd ) tan6
3cos? 6 —4cosf =0 secO _ secH + csch
0059(30050 — 4) =0 cscO
cosf =0 _ 1 . 1
9 = cos-' 0 — 90 cos®  sin6
1 sin 0
or = X
3cos 0 — 4=0 cos0 1
3cos 0 =4 = sin 0 = tan0
cos =D
cosg — =
3 simpjify S0 secd N
3. . . _|123q Simplity —
3 is not in the range of cosine function cotd
=A A tano B tan’ 0
12.29 One of the following is not a solution cot E cot’ 0
for the equation sin O + €0SQ tan® @ = 0
o o Sin
&0 B35 sing sec g 0 cost
(o 180° 90° =
@l = cotO cotf
sin@ + cosO tan* 6 = 0 tan @
.2 =
sing 4 cosg Mo _o cot0
cos? 0 1
i = tan —_
sin9+wsin9=0 gxcot
cos6
sinf + tan6 sinf =0 =tang x tang
a2
sin9(1+tan9)=0 = tan” 0 =B
sinf =0 secq N\
o 12.32 Simplify (1—0052 0)
O =sin"'0 sin @
0 =0°,180°, or 360° n SCCZ e E Sece
or 2
\ tan0 L tan 6
1+tan0 =0
secO = ,
tanf = —1 cos O

0 =135° or 315°

2 _ ain2
sin® + cos20 =1 — 1 Cos 0 =sin"0

secO (1 _ cos? 9) _ secO  gin2o

sing sin 0
—sec O sing
:L Sil’le
cosp
= tan@ :>C
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T —
5 N

12.33 If cosx = sin42, then find x

I 90 B EY)
48 B 138
!
Recall sin30 =
2
1
cos60 = _
2
e ifSinx =cosythen x + 3 =90
X +42=90
X =48 »C
12.34 Find tan®> 0 —sec’ 0
AN B -1
1 -1
o, B

Recall tan? 0 + 1 = sec? O
1 =sec? 0 —tan® 0

tan? O — sec’ @ = —(se02 0 — tan® 9)

=B

101

12.35 Find sin20 if SINQ + €0sg =
25 34
n” B’
16 16
- O-
9 3
AN

, (5Y
(sin® + cos@) _ (Ej

sin’ 0 + 2sincosO + cos? O = %
sin® @ + cos® @ + 2sind cosO = >
1+ 2sin0 cosf = %

g +sin 260 = 29—5 sin20 = 2sin@ cos@

sin20:§—2=E
9 9 9

=C
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